A nonsingular transformation is said to be doubly ergodic if for all sets A and B of positive measure there exists an integer n > 0 such that (T ;n (A) \ A) > 0 and (T ;n (A) \ B) > 0. While double ergodicity is equivalent t o w eak mixing for nite measure-preserving transformations, we show that this is not the case for in nite measure preserving transformations. We s h o w that all measure-preserving tower staircase rank one constructions are doubly ergodic, but that there exist tower staircase transformations with non-ergodic Cartesian square. We also show that double ergodicity implies weak mixing but that there are weakly mixing skyscraper constructions that are not doubly ergodic. Thus, for in nite measure-preserving transformations, double ergodicity lies properly between weak mixing and ergodic Cartesian square. In addition we study some properties of double ergodicity.
Introduction
We s a y that a nonsingular transformation T is doubly ergodic if for all sets A and B of positive measure there is an integer n > 0, such that (T ;n (A) \ A) > 0 a n d (T ;n (A) \ B) > 0. In the case of nite measure-preserving transformations double ergodicity is equivalent t o w eak mixing, and this was shown in Fu] . We s h o w that for in nite measure-preserving transformations the situation is quite di erent.
Weak mixing was studied in the context of nonsingular transformations by Aaronson, Lin and Weiss ALW] , where they showed that there exists an in nite measure-preserving transformation T such that T is weakly mixing (i.e., T S is ergodic for all ergodic nite measure preserving S) b u t T T is not ergodic. It is easy to see that if T T is conservative, ergodic then T is doubly ergodic. We sho w that double ergodicity does not imply ergodic Cartesian square, and while double ergodicty implies weak mixing, the converse is not true. We also study some properties of double ergodicty for nonsingular, not necessarily invertible, transformations. Our examples are all rank one in nite measure-preserving invertible transformations (i.e., in nite measure-preserving transformations constructed by the cutting and stacking technique using only one Rohlin column).
There is a class of rank one transformations, called staircase constructions, that have recently garnered increasing attention. It was shown by Adams A] , that nite measure-preserving in nite staircases, with an additional technical condition (see Section 5.1 for the precise statement) are mixing. In this paper we i n troduce a class of transformations called tower staircases, which include the staircases of Adams above, and show that tower staircases are doubly ergodic, but that there exist in nite measure preserving tower staircases with non-conservative, hence non-ergodic, Cartesian square. (Tower staircases may be of nite or in nite measure.) This results in one of our counter-examples. For the other example we s h o w that a skyscraper construction that was shown in AFS] to be weakly mixing is not doubly ergodic. Thus double ergodicity lies properly between weak mixing and ergodic Cartesian square in the case of nonsingular invertible transformations. We end with an example of in nite measure-preserving tower staircases with conservative Cartesian square.
We also show that double ergodicity implies a stronger k-fold version that we c a l l k-conservative ergodicity. T h i s i s i n teresting as in in nite me asure many properties do not imply their k-fold analogue. For example, it was shown by Kakutani and Parry KP] that there exist in nite transformations with T T ergodic but T T T not ergodic and more recently it has be shown in AFS2] that there exist in nite transformations with T T ergodic for all k-fold products, but T T 2 not ergodic. These counterexamples have been generalized to actions of countable abelian groups in D] . ory group of the 2000 SMALL Undergraduate Summer Research Project at Williams College, with Silva a s f a c u l t y advisor. Support for the project was provided by a National Science Foundation REU Grant and the Bronfman Science Center of Williams College. We w ould like to thank Edward Burger for discussions on the use of Siegel's Lemma on Diophantine equations in Section 7. We w ould like to thank the referee for several comments that improved the exposition.
Preliminaries 2.1 De nitions
We will let (X B ) denote a nite or ; nite Lebesgue measu re space, where we will assume is non-atomic. In all of our examples X will be the unit interval or the positive reals, with Lebesgue measure. A nonsingular endomorphism is a map T : ( X B ) ! (X B ) s u c h t h a t i s T is measurable and (A) = 0 if and only if (T ;1 (A)) = 0. A nonsingular automorphism is a nonsingular endomorphism with a measurable inverse T ;1 . T is ergodic if for all A 2 B with T ;1 (A) = A, w e h a ve (A) (A c ) = 0 . T is conservative if for every A with (A) > 0 there is an integer n > 0 such t h a t (A\T ;n (A)) > 0. Therefore T is conservative ergodic if and only if for all measurable sets A and B of positive measure, there is an integer n > 0 s u c h t h a t (T ;n (A) \ B) > 0. As our measure is non-atomic, ergodic automorphisms are conservative.
An endomorphism T is measure-preserving if (T ;1 (A)) = (A) it is nite measure-preserving if X is of nite measure and in nite measurepreserving if X is of in nite measure. Given two measurable sets A B X, with A of nite measure, and > 0, we shall say t h a t A is (at least) (1; )-full of B if (A \ B) > (1 ; ) (A) .
A nonsingular endomorphism T : X ! X is weakly mixing if for all nite measure-preserving ergodic endomorphisms S : Y ! Y , where (Y ) is a Lebesgue probability space, the transformation de ned by the Cartesian product T S : X Y ! X Y is ergodic. Using the natural extension of S we m a y assume that S is invertible.
De nition 1. We say that a nonsingular endomorphism T is doubly ergodic if for all A B X of positive measure, there exists an integer n > 0 such that (T ;n (A) \ A) > 0 and (T ;n (A) \ B) > 0: De nition 2. Let k 1 be a n i n t e ger. We say that a nonsingular endomorphism T is k-conservative e r g o d i c if for all A i B i X, 1 i k, o f positive measure, there exists an integer n > 0 such that (T ;n (A i ) \ B i ) > 0 for i = 1 : : : k : Remark 1. For a nite measure-preserving transformation T , F urstenberg Fu] de nes the sets N(A B) = fn : (A \ T ;n (B)) > 0g, and shows that N(A B) \ N(A A) 6 = for all A B of positive measure (the condition we call double ergodicity) is equivalent t o w eak mixing, and he also obtains the equivalence with 2-conservative ergodicity. The proof uses the spectral characterization of weak mixing for nite measure-preserving tranformations. In E], Eigen considers a property, which he calls property-one, for pairs of nonsingular automorphisms T S that is equivalent to 2-conservative ergodicity w h e n T = S. Eigen observes that if T S is ergodic then T Ssatisfy property-one, but does not prove a n y other statements about property-one. In KSW], the authors studied double ergodicity, but only in the nite measure-preserving case (unpublished).
k-Conservative Ergodicity
Proposition 2.1. Let T be a nonsingular endomorphism on a -nite space X. T is doubly ergodic if and only if T is 2-conservative ergodic. Furthermore, if T is 2-conservative ergodic then T is k-conservative ergodic for all k 1. Proof. Suppose T is doubly ergodic. Let A, B, C, D X be any four sets of positive measure. It is clear that T must be conservative ergodic (which i s t h e same as 1-conservative ergodic). Then there exists an integer j > 0 s u c h that (T ;j (C)\A) > 0, and an integer k > 0 s u c h t h a t (T ;k (T ;j (C)\A)\B) > 0. As (T ;j (D) This can be used to show that d is a T -invariant pseudo-metric. With respect to d, w e can nd two balls B 1 B 2 of radius whose centers are separated by more than 4 such that both have positive measure. For suppose this does not happen for any . N o w x . W e c a n c o ver X with a countable number of -balls, centered at fx i g 1 i=1 , under the pseudo-metric d. (This is a consequence of the fact that Y is nite, so d(x x 0 ) (Y ). In a nite measure space, any measurable set can be approximated arbitrarily well by a nite union of elements of a countable su cient class.)
At least one of the -balls in our cover will have positive measure, and without loss of generality w e m a y assume it is the one centered at x 1 . W e claim that the ball around x 1 of radius 5 has full measure, that is, all the measure is concentrated around x 1 . By assumption, the union of balls of radius centered around those x i which are more than 4 away from x 1 must have zero measure. Any x in the complement of this set must be a distance at most from some x i that satis es d(x i x 1 ) 4 , s o d(x x 1 ) 5 .
Intersecting over a sequence of ! 0 and noting that countable intersections of sets of full measure have full measure, we see that there is an x 2 X such that U = fx 0 2 X j d(x x 0 ) = 0 g has full measure. Now, by F ubini's theorem,
has measure 0. Thus,
Therefore, by the ergodicity o f S, A x must have full measure hence A has full measure and we h a ve a c o n tradiction.
We n o w know that there is an such t h a t t h e r e a r e t wo -balls B 1 B 2 that are separated by more than 4 . T ;n (B 1 ) will, by t h e T -invariance of d, a l w ays have diameter at most 2 , so it is impossible to have b o t h (T ;n (B 1 )\B 1 ) > 0 and (T ;n (B 1 ) \ B 2 ) > 0. Therefore, T is not doubly ergodic.
Weakly Mixing but Not Doubly Ergodic
Proposition 4.1. There exists an in nite measure-preserving automorphism To de ne the 2h n + 1 skyscraper transformation we start with C 0 = 0 1) and h 0 = 1 . G i v en column C n , to obtain column C n+1 rst cut each l e v el of C n into two sublevels, denoted B (k) n i , f o r i = 0 1 a n d k = 0 : : : h n;1 . This results in the two subcolumns of C n , consisting of C n i = fB (0) n i : : : B (hn ;1) n i g for i = 0 1. Next consider a collection of 2h n +1 disjoint i n tervals chosen outside of (the union of the levels in) C n , and denoted by S n j , for j = 0 : : : 2h n w e call these intervals the spacers of C n . W e c hoose S n j so that its left endpoint is the right endpoint o f S n j;1 , for j = 1 : : : 2h n , a n d S n 0 so that its left endpoint i s t h e r i g h t e n d p o i n t o f S n;1 2hn . This way X will be an interval.
(Whether one obtains a nite or in nite measure preserving transformations depends on wheter the sum of all the spacers adds to nite or in nite measure.) Place the spacers on top of subcolum C n 1 and stack this new subcolumn with spacers on top of C n 0 to obtain C n+1 with h n+1 = 4 h n + 1 l e v els. This last operation extends the de nition of T n by sending the top of the left subcolumn of C n to the bottom of the right subcolumn of C n , so that T n+1 (B (hn ;1) n 0 ) = B (0) n 1 , and sending the top subcolumn of C n to the bottom spacer, so that T n+1 (B (hn ;1) n 1 ) = S n 0 . Also, T n+1 is de ned on all but the top spacer by the usual translation sending each spacer to the one above it.
One can verify that h n = P n j=0 4 j . Since T n is de ned on the levels B (0) n : : : B (hn ;2) n of C n , and each B (k) n has measure 1 2 n , T n is thus de ned on a set of measure 1 2 n (h n ; 1) = 1 2 n ( P n j=1 4 j ) 2 n for n 1. In the limit as n ! 1 , T : X ! X is indeed de ned on 0 1).
Proof of Proposition 4:1
Proof. Let T be de ned as above. T has been shown to be weakly mixing in AFS] (in fact, there it is shown that T has no nonconstant L 1 eigenfunctions, and ALW] is used to obtain the equivalence with our de nition). It su ces to show that there exist levels I Jwith (I) > 0, (J) > 0, such that there does not exist an integer k > 0 that satis es (T k 
Suppose there exists k > 0 s u c h t h a t (T k (I)\I) > 0 and (T k (I)\J) > 0. Then there exists a smallest such k. Choose n such t h a t k < 2h n + 1 . T h e image of I in C n+1 consists of several levels, called the copies of I. The image of J in C n+1 also consists of several levels, called the copies of J.
We de ne the distance between two l e v els B (i) n and B (j) n of column C n to be d(B (i) n B (j) n ) = ji ; jj. The assumption implies that there are two copies of I separated by a distance k, a s w ell as a copy o f I a distance k from a copy of J. T h i s c o n tradicts Lemma 4:1.
Lemma 4.1. With I and J as above, the set of all distances between two copies of I, denoted D n , is disjoint from the set of all distances between a copy of I and a copy of J, denoted D 0 n .
Proof. We t a k e C 1 as our base case. Then D 1 = f0 1g, and D 0 1 = f2 3g.
In general, if we k n o w D n and D 0 n , w e can nd D n+1 and D 0 n+1 as follows: C n+1 consists of two copies of C n stacked on top of each other, with 2h n + 1 spacers at the top the lower copy C n 0 and the upper copy C n 1 . Then the set of distances between copies of I within C n 0 is D n , as is the set of distances between copies of I within C n 1 . The set of distances between a copy o f I and a copy o f J in each i s D 0 n . Therefore, D n D n+1 and D 0 n D 0 n+1 . A n y elements of D n+1 or D 0 n+1 that are not elements of D n or D 0 n , respectively, are distances between one element i n C n 0 and one element i n C n 1 . W e n o t e that if B (i) n 2 C n 0 is a copy o f I, t h e n B (hn +i) n 2 C n 1 is also a copy o f I. The set of these \new" distances, D n+1 nD n , is equal to the set A = f`j = h n a, a 2 D n g. n+1 ) = jh n ;`j, i s a n e l e m e n t of D n . Therefore,`= h n a, a 2 D n . Hence, D n+1 nD n A. C o n versely, i f a 2 D n , t h e n a is the distance between two copies of I, B 
largest element i n D n , therefore, is maxfD n g = h n;1 + m a x fD n;1 g = h n;1 + h n;2 + : : : + m a x fD 1 g = n;1 X i=1 h i + 1 :
Similarly, the largest element i n D 0 n is maxfD 0 n g = h n;1 +: : : +h 1 +maxfD 0 1 g = ;P n;1 i=1 h i + 3. The smallest element i n D n+1 nD n is minfD n+1 nD n g = h n ; maxfD n g = h n ; (In nite staircases may be either nite or in nite measure-preserving.)
We will call such in nite staircase constructions pure staircases. W e also de ne tower staircases, i n w h i c h the staircase is placed as usual on all but the nal subcolumn. In the nal subcolumn we m a y place any n umber of spacers, usually a large number. Note that pure staircases are a special case of tower staircases, with r n ; 1 spacers over the nal subcolumn in C n , a n d that tower staircases may be of nite or in nite measure.
Adams also proves the following result in A] for nite measure preserving in nite staircases.
Theorem (Mixing of Staircases, A]). Let T be a n i t e m e asure-preserving pure staircase transformation. If lim n!1 r 2 n hn = 0 then T = T (rn ) is mixing. It is not known if the condition lim n!1 r 2 n hn = 0 is necessary for mixing in particular it is not known if under the absence of this condition, nite measure preserving in nite staircases might be partially rigid (if lim supr n < 1 then the staircase must be partially rigid). In Section 6, we construct an in nite measure-preserving tower staircase with certain restrictions on r n which has non-conservative Cartesian square, and hence, by AFS], is not partially rigid.
Double Ergodicity
We prove that all tower staircases are doubly ergodic. In the proof of double ergodicity, w e will use the following approximation lemma from analysis. It can be obtained from the Martingale Convergence Theorem, and an elementary proof of a more general version may be found in the Double Approximation Lemma DGMS] .
Lemma 5.1. Let > 0, > 0, a n d 0 < < 1. L et I be an interval that is -full of a measurable set A, and fr n g an in nite sequence s u c h t h a t r n 2 IN and r n > 1 for su ciently large n. Proof. The only di culty is insuring that I is above J. W e can nd levels I 0 J 0 in some C n 0 that are Then for all j, 0 j r N ;`; 1, we h a ve T hN +j (I j ) = I j+1 T hN +j (I j+`) = T ;`( I j+`+1 ) = J j+`+1 :
Let K = f0 1 : : : r N ;`; 1g. L e t G = fI k g k2K , G 0 = fI k+1 g k2K , H = fI k+`g k2K , a n d H 0 = fJ k+`+1 g k2K . L e t G m denote I m , G 0 m denote I m+1 , H m denote I m+`, and H 0 m denote J m+`+1 .
The sets G, G 0 , H, H 0 , a n d K all have the same numb e r o f e l e m e n ts. We have, by our choice of N, In this section we construct an ergodic in nite measure-preserving automorphism that is doubly ergodic on intervals but is not doubly ergodic. The proof is a modi cation of the construction in MRSZ] of an ergodic nite measure-preserving automorphism that is lightly mixing on intervals but not lightly mixing. Therefore, V is not doubly ergodic.
A Staircase Transformation whose Cartesian
Product is not Conservative, hence not Ergodic
Columns in the Staircase Transformations
In this section we nd methods for studying intervals in higher columns of the tower staircase transformation. Let h n be the height o f C n and let s n be the height of the tower. Then h n+1 = r n h n + ( 1 + 2 + : : : + ( r n ; 2)) + s n .
Given a level I in C n , w e rst study I in C n+1 . I n C n+1 , I is a union of r n certain levels, called copies. T h e k th copy, counting from the bottom, corresponds to the piece of I which came from the k th subcolumn of C n . Because we put k;1 spacers on the k th subcolumn, we see that the separation distance in C n+1 between this k th copy and the (k + 1 ) th copy i s h n + k ; 1.
This describes I in C n+1 w e extend this to C n+j for j 1. In each s u c h column, I is a union of copies. There is one copy i n C n (I itself), r n copies in C n+1 , and, in general, r n r n+1 r n+j;1 copies in C n+j . A s C n+j was made by cutting C n+j;1 into r n+j;1 subcolumns and stacking them, the copies in C n+j are made up of r n+j;1 identical clusters. In turn, each cluster has the same structure as the set of copies in C n+j;1 , and so is made up of r n+j;2 subclusters, each of which resembles the set of copies in C n+j;2 . W e get a self-similar pattern.
We i n troduce notation for referencing the copies in C n+j . E a c h c o p y l i e s in one of the r n+j;1 largest clusters. Within this cluster, it lies in one of the r n+j;2 next largest clusters, and so forth until the j th step, where we r e a c h single levels. Hence we can represent a copy a C n+j of I by a j-tuple of numbers: a 1 a 2 : : : a j ] 0 a i r n+j;i ; 1:
To fully understand the structure of the set of copies in C n+j , it is necessary to know the distances between them. The following proposition gives us a formula for the distance between two copies a and b, w h e r e b y de nition a is a distance j`j from b if a = T`(b). Proposition 6.1. The distance b etween levels a = a 1 a 2 : : : a j ] and b = b 1 b 2 : : :
This result is negative if a is above b the usual positive distance is given by jd(a b)j.
Proof. The proof is by induction. Suppose this formula is true for C n+j;1 . Looking at the r n+j;1 largest clusters, a is in cluster number a 1 , a n d b is in b 1 . I f w e translate cluster number a 1 by ( b 1 ; a 1 )h n+j;1 + (b1;a1)(b1+a1 ;1) 2 steps (upwards if this number is nonnegative, downwards otherwise), it will overlap precisely with cluster number b 1 . The image of a 1 a 2 : : : a j ] u n d e r this translation is b 1 a 2 : : : a j ]. Since each of the largest clusters has the same structure as C n+j;1 , to get the total distance we can use the induction hypothesis to obtain the distance between these two i n tervals and add the amount w e translated by: d ( 
The Staircase Construction
We describe the construction of a tower staircase by specifying r n and the height s n of the nal spacer column, and then we s h o w that it is not T T conservative, hence not T T ergodic. The fact that it (as well as any other tower staircase) is doubly ergodic was proven in Section 5. Start with C 0 = 0 1) and r 0 = 1 as the base case for our inductive de nition. In general, given C n;1 and r n;1 , w e determine s n;1 , and r n as follows: Let h n denote the height o f c o l u m n C n , a n d c hoose r n > n 2 (2r n;1 h n;1 + (r n;1 ; 1)(r n;1 ; 2)). Then choose s n;1 large enough so that whenever (kh n + k(k ; 1) 2 + kf) ; (jh n + j(j ; 1) 2 + jg) 2r n;1 h n;1 + ( r n;1 ; 1)(r n;1 ; 2) with 0 k j f g r n ; 1, we m ust have j = k (note that h n > s n;1 ). This completes the construction.
De nitions and Lemmas
In this section and the next, let I = 0 1). From the vector notation of Section 6:1 ( a = a 1 a 2 : : : a j ]), we see that a 1 speci es the largest cluster containing a in C n+j .
Lemma 6. By construction, h n is large enough to insure k = j. T h i s g i v es us the relation k(b 1 ; y 1 ) = v w. Suppose b 1 6 = y 1 t h e n w e h a ve rn n 2 < k v + w 2r n;1 h n;1 + ( r n;1 ; 1)(r n;1 ; 2). However, this contradicts the choice of r n in the construction. Thus b 1 = y 1 , a n d s o a 1 = x 1 .
Lemma 6.2. Let p n denote the fraction of pairs of copies of I (a b) in C n , a 6 = b, which are unique distance p airs. Let R n = r 1 r 2 r n . Then for all n 2, p n+1 (1 ; cannot be a unique distance pair in C n+1 . T h us our correspondence between pairs induces a correspondence between unique distance pairs.
Since the fraction of pairs (c d) i n C n , c 6 = d, w h i c h are unique distance pairs is p n , the fraction of pairs (a b), with a 2 G i , b 2 G j , and i (a) 6 = j (b), which are unique distance pairs in C n+1 is also p n . The number of elements in G i is the number of copies of I in C n , which is equal to R n;1 , a n d similarly for G j . W e see that the fraction of all pairs (a b), a 2 G i , b 2 G j , which are unique distance pairs is at least p n (1 ; 1 Rn;1 ). Furthermore, the fraction of pairs of copies of I (a b) i n C n+1 , a 6 = b, for which the relation ja 1 ; b 1 j > rn n 2 holds is at least (1 ; 2 n 2 ). Multiplying these results, we obtain p n+1 (1 ; 2 n 2 )(1 ; 1 Rn;1 )p n as desired.
Non-Ergodicity of the Product
Theorem 3. Let T be one of the staircase transformations described i n S e ction 6:2. T is doubly ergodic, but T T is not conservative, and hence n o t ergodic.
Proof. Recall that I = 0 1). Let Noting that pairs of copies of I correspond to the squares in I I, w e see that S n is a union of at most 1;p n (1; p n (1 ; 1 Rn;1 ). Since S = S 1 n=1 S n is an increasing union of the sets S n , ((I I)nS n ) > 0. Thus T is doubly ergodic (Theorem 2), but T T is not ergodic.
In AN] it was shown that T being of positive t ype implies T T is conservative, and thus we obtain the following.
Corollary 6.1. Let T be one of the staircase transformations described i n Section 6:2. T is not of positive type, and hence n o t p artially rigid. Corollary 7.1. Given fr k g 1 k=1 with r k 1 k < M , and given n 1, t h e r e exists j such that for any fd k g j k=1 with jd k j r n+k there exists a solution fx k g j k=1 to
Proof. First we s h o w t h a t T T satis es a type of conservativity o n s e t s o f the form I J, w h e r e I Jare levels in some column C n . Speci cally, w e s h o w that for large enough n, ( I J)n ;S k6 =0 (I J)\(T T ) k (I J) has arbitrarily small measure independently of I and J. T o do this, we study the images of I and J in column C n+j , with j as in Lemma 7:1. In each s u c h column both I and J are a union of levels this partition of I and J into intervals induces a partition of I J into squares. Let F I = fcopies of I in C n+j g and F J = f copies of J in C n+j g. 2 ) (I J). Now t h a t w e h a ve this preliminary version of conservativity, w e p r o ve t h e conservativity o f T T on arbitrary measurable sets A X X. W e can nd levels of C n I, J such t h a t I J is at least There is a correspondence between Type 1 and Type 2 squares. Given a Type 1 square, it corresponds to the Type 2 square to which it rst returns under some iterate of T T . Note that this is a bijection, and thus the Type 1 squares have the same total measure as the Type 2 squares. Furthermore, the measure of the union of these is at least 
